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Abstract

In this paper, the Authors establish a new identity for twice differentiable functions. Afterwards
some new inequalities are presented related to perturbed trapezoid inequality for the classes
of functions whose second derivatives of absolute values are convex, s-convex and tgs-convex.
Last of all, applications to special means have also been presented.
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1 Introduction

Definition 1. [15] A function f : I → R is said to be convex on I if inequality

f (tu+ (1− t) v) ≤ tf (u) + (1− t) f (v) (1.1)

holds for all u, v ∈ I and t ∈ [0, 1]. We say that f is concave if (−f) is convex.

Geometrically, this means that if P,Q and R are three distinct points on the graph of f with Q
between P and R, then Q is on or below the chord PR.

Definition 2. [14] Let s ∈ (0, 1] . A function f : (0,∞] → [0,∞] is said to be s-convex in the
second sense if

f (tu+ (1− t) v) ≤ tsf (u) + (1− t)s f (v) , (1.2)

for all u, v ∈ (0, b] and t ∈ [0, 1]. This class of s-convex functions is usually denoted by K2
s .

Certainly, s-convexity means just ordinary convexity when s = 1.

Definition 3. [17] A function f : I → R is said to be tgs-convex on I if inequality

f (tu+ (1− t) v) ≤ t (1− t) [f (u) + f (v)] (1.3)

holds for all u, v ∈ I and t ∈ (0, 1). We say that f is tgs-concave if (−f) is tgs-convex.
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88 M. Tunç, Ü. Şanal

Theorem 1. The Hermite-Hadamard inequality: Let f : I ⊆ R → R be a convex function
and u, v ∈ I with u < v. The following double inequality:

f

(
u+ v

2

)
≤ 1

v − u

∫ v

u

f (x) dx ≤ f (u) + f (v)

2
(1.4)

is known in the literature as Hadamard’s inequality (or Hermite-Hadamard inequality) for convex
functions. If f is a positive concave function, then the inequality is reversed.

Theorem 2. [12] Suppose that f : [0,∞) → [0,∞) is an s−convex function in the second sense,
where s ∈ (0, 1], and let a, b ∈ [0,∞) , a < b. If f ∈ L1 ([0, 1]), then the following inequalities hold:

2s−1f

(
u+ v

2

)
≤ 1

v − u

∫ v

u

f (x) dx ≤ f (u) + f (v)

s+ 1
. (1.5)

The constant k = 1
s+1 is the best possible in the second inequality in (1.5). The above inequalities

are sharp. If f is an s-concave function in the second sense, then the inequality is reversed.

For recent results and generalizations concerning Hadamard’s inequality and concepts of con-
vexity and s-convexity see [1]-[3], [10]-[19] and the references therein.

In the literature [4]-[9] on numerical integration, the following estimation is well known as the
trapezoid inequality:∣∣∣∣∫ v

u

f (x) dx− 1

2
(v − u) (f (u) + f (v))

∣∣∣∣ ≤ 1

12
M2 (v − u)

3
, (1.6)

where f : [u, v] → R is supposed to be twice differentiable on the interval (u, v), with the second
derivative bounded on (u, v) by M2 = supx∈(u,v) |f ′′ (x)| < +∞.

For the perturbed trapezoid inequality, Dragomir et al. [6] obtained the following inequality by
an application of the Grüss inequality:

∣∣∣∣∫ v

u

f (x) dx− 1

2
(v − u) (f (u) + f (v)) +

1

12
(v − u)

2
(f ′ (v)− f ′ (u))

∣∣∣∣
≤ 1

32
(Γ2 − γ2) (v − u)

3
, (1.7)

where f is supposed to be twice differentiable on the interval (u, v), with the second derivative
bounded on (u, v) by Γ2 = supx∈(u,v) f

′′ (x) < +∞ and γ2 = infx∈(u,v) f
′′ (x) > −∞.

Throughout this paper we will use the following notations and conventions. Let J = [0,∞) ⊂
R = (−∞,+∞) , and u, v ∈ J with 0 < u < v and f ′ ∈ L [u, v] and

A (u, v) =
u+ v

2
, G (u, v) =

√
uv, H (u, v) =

2uv

u+ v
,

L (u, v) =
v − u

ln v − lnu
, u 6= v

be the arithmetic mean, geometric mean, harmonic mean, logarithmic mean for u, v > 0 respectively.
The aim of this paper is to establish some results connected with the perturbed trapezoid in-

equality as well as to apply them for some elementary inequalities for real numbers and in numerical
integration.
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2 Main Results

We begin with the following lemma.

Lemma 1. Let f : I◦ ⊆ R → R be a differentiable mapping on I◦, a, b ∈ I◦ with a < b. If
f ′′ ∈ L[a, b], then the following equality holds:

(2.1)∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

=
(b− a)

3

4

∫ 1

0

(t+ 1)
2

[f ′′ (ta+ (1− t) b) + f ′′ (tb+ (1− t) a)] dt

Proof. It suffices to note that

I1 =

∫ 1

0

(t+ 1)
2
f ′′ (ta+ (1− t) b) dt

= (t+ 1)
2 f
′ (ta+ (1− t) b)

a− b

∣∣∣∣1
0

− 2

a− b

∫ 1

0

(t+ 1) f ′ (ta+ (1− t) b) dt

=
4f ′ (a)− f ′ (b)

a− b
− 2

a− b

∫ 1

0

(t+ 1) f ′ (ta+ (1− t) b) dt

=
4f ′ (a)− f ′ (b)

a− b
− 2

a− b

[
(t+ 1)

f (ta+ (1− t) b)
a− b

∣∣∣∣1
0

− 1

a− b

∫ 1

0

f (ta+ (1− t) b) dt
]

=
4f ′ (a)− f ′ (b)

a− b
− 2

a− b

[
2f (a)− f (b)

a− b
− 1

a− b

∫ 1

0

f (ta+ (1− t) b) dt
]

=
4f ′ (a)− f ′ (b)

a− b
− 4f (a)− 2f (b)

(b− a)
2 +

2

(b− a)
2

∫ 1

0

f (ta+ (1− t) b) dt
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90 M. Tunç, Ü. Şanal

and

I2 =

∫ 1

0

(t+ 1)
2
f ′′ (tb+ (1− t) a) dt

= (t+ 1)
2 f
′ (tb+ (1− t) a)

b− a

∣∣∣∣1
0

− 2

b− a

∫ 1

0

(t+ 1) f ′ (tb+ (1− t) a) dt

=
4f ′ (b)− f ′ (a)

b− a
− 2

b− a

∫ 1

0

(t+ 1) f ′ (tb+ (1− t) a) dt

=
4f ′ (b)− f ′ (a)

b− a
− 2

b− a

[
(t+ 1)

f (tb+ (1− t) a)

b− a

∣∣∣∣1
0

− 1

b− a

∫ 1

0

f (tb+ (1− t) a) dt

]
=

4f ′ (b)− f ′ (a)

b− a
− 2

b− a

[
2f (b)− f (a)

b− a
− 1

b− a

∫ 1

0

f (tb+ (1− t) a) dt

]
=

4f ′ (b)− f ′ (a)

b− a
− 4f (b)− 2f (a)

(b− a)
2 +

2

(b− a)
2

∫ 1

0

f (tb+ (1− t) a) dt.

If we collect I1 and I2

I1 + I2 =

∫ 1

0

(t+ 1)
2

[f ′′ (ta+ (1− t) b) + f ′′ (tb+ (1− t) a)] dt

= −4f ′ (a)− f ′ (b)
b− a

+
4f ′ (b)− f ′ (a)

b− a
− 4f (a)− 2f (b) + 4f (b)− 2f (a)

(b− a)
2

+
2

(b− a)
2

∫ 1

0

f (ta+ (1− t) b) dt+
2

(b− a)
2

∫ 1

0

f (tb+ (1− t) a) dt

=
5 (f ′ (b)− f ′ (a))

b− a
− 2 (f (a) + f (b))

(b− a)
2 +

2

(b− a)
2 ·

1

a− b

∫ a

b

f (x) dx

+
2

(b− a)
3

∫ b

a

f (x) dx

=
5 (f ′ (b)− f ′ (a))

b− a
− 2 (f (a) + f (b))

(b− a)
2 +

4

(b− a)
3

∫ b

a

f (x) dx

so ∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

=
(b− a)

3

4

∫ 1

0

(t+ 1)
2

[f ′′ (ta+ (1− t) b) + f ′′ (tb+ (1− t) a)] dt

The proof is done.
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Remark 1. On using the change of the variable x = ta+ (1− t)b, t ∈ [0, 1], equality (2.1) can be
written as ∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a)) (2.2)

=
(b− a)

4

∫ b

a

(x+ a− 2b)
2

(f ′′ (x) + f ′′ (a+ b− x)) dx.

Theorem 3. Let f : I◦ ⊆ R → R be a differentiable mapping on I◦, a, b ∈ I◦ with a < b. If |f ′′|
is convex on [a, b], then the following inequality holds:∣∣∣∣∣

∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣ (2.3)

≤ 7

12
(b− a)

3
(|f ′′ (a)|+ |f ′′ (b)|) .

Proof. Using Lemma 1, it follows that∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
=

∣∣∣∣∣ (b− a)
3

4

∫ 1

0

(t+ 1)
2

[f ′′ (ta+ (1− t) b) + f ′′ (tb+ (1− t) a)] dt

∣∣∣∣∣
≤ (b− a)

3

4

∫ 1

0

(t+ 1)
2

(|f ′′ (ta+ (1− t) b)|+ |f ′′ (tb+ (1− t) a)|) dt

≤ (b− a)
3

4

∫ 1

0

(t+ 1)
2

(t |f ′′ (a)|+ (1− t) |f ′′ (b)|

+t |f ′′ (b)|+ (1− t) |f ′′ (a)|) dt

≤ (b− a)
3

4
[|f ′′ (a)|+ |f ′′ (b)|]

∫ 1

0

(t+ 1)
2
dt

≤ (b− a)
3

4

7

3
[|f ′′ (a)|+ |f ′′ (b)|] .

The proof is completed.

Theorem 4. Let s ∈ (0, 1] and f : I◦ ⊆ R → R be a differentiable mapping on I◦, a, b ∈ I◦ with
a < b. If |f ′′| is s-convex on [a, b], then the following inequality holds:

(2.4)∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ (b− a)

3

4

5s2 + 23s+ 28

s3 + 6s2 + 11s+ 6
(|f ′′ (a)|+ |f ′′ (b)|) .
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92 M. Tunç, Ü. Şanal

Proof. Using Lemma 1 and Definition 2, it follows that∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ (b− a)

3

4

∫ 1

0

(t+ 1)
2

(|f ′′ (ta+ (1− t) b)|+ |f ′′ (tb+ (1− t) a)|) dt

≤ (b− a)
3

4

∫ 1

0

(t+ 1)
2

(ts |f ′′ (a)|+ (1− t)s |f ′′ (b)|

+ts |f ′′ (b)|+ (1− t)s |f ′′ (a)|) dt

≤ (b− a)
3

4
(|f ′′ (a)|+ |f ′′ (b)|)

[∫ 1

0

(t+ 1)
2
tsdt+

∫ 1

0

(t+ 1)
2

(1− t)s dt
]

≤ (b− a)
3

4
(|f ′′ (a)|+ |f ′′ (b)|)

[
4s2 + 16s+ 14

s3 + 6s2 + 11s+ 6
+

s2 + 7s+ 14

s3 + 6s2 + 11s+ 6

]
≤ (b− a)

3

4

(
5s2 + 23s+ 28

s3 + 6s2 + 11s+ 6

)
(|f ′′ (a)|+ |f ′′ (b)|) .

Further, since ∫ 1

0

(t+ 1)
2
tsdt =

4s2 + 16s+ 14

s3 + 6s2 + 11s+ 6
(2.5)∫ 1

0

(t+ 1)
2

(1− t)s dt =
s2 + 7s+ 14

s3 + 6s2 + 11s+ 6
(2.6)

a combination of (2.5) and (2.6) immediately gives the required inequality (2.4).

Theorem 5. Let f : I◦ ⊆ R → R be a differentiable mapping on I◦, a, b ∈ I◦ with a < b. If |f ′′|
is tgs-convex on [a, b], then the following inequality holds:∣∣∣∣∣

∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ 23 (b− a)

3

120
[|f ′′ (a)|+ |f ′′ (b)|] .
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Proof. Using Lemma 1 and Definition 3, it follows that∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ (b− a)

3

4

∫ 1

0

(t+ 1)
2

(|f ′′ (ta+ (1− t) b)|+ |f ′′ (tb+ (1− t) a)|) dt

≤ (b− a)
3

4

∫ 1

0

(t+ 1)
2

((t (1− t) |f ′′ (a)|+ t (1− t) |f ′′ (b)|)

+ (t (1− t) |f ′′ (b)|+ t (1− t) |f ′′ (a)|) dt)

≤ (b− a)
3

4

∫ 1

0

2 (t+ 1)
2
t (1− t) [|f ′′ (a)|+ |f ′′ (b)|] dt

≤ (b− a)
3

[|f ′′ (a)|+ |f ′′ (b)|]
2

∫ 1

0

(t+ 1)
2
t (1− t) dt

≤ 23 (b− a)
3

120
[|f ′′ (a)|+ |f ′′ (b)|] .

The proof is completed.

Theorem 6. Let f : I◦ ⊆ R → R be a differentiable mapping on I◦, a, b ∈ I◦ with a < b, and let
p > 1 with 1/p + 1/q = 1. If the mapping |f ′′|q is convex on [a, b], then the following inequality
holds: ∣∣∣∣∣

∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣ (2.7)

≤ (b− a)
3

2

(
22p+1 − 1

2p+ 1

) 1
p
(
|f ′′ (a)|q + |f ′′ (b)|q

2

) 1
q

.

Proof. Using Lemma 1 and Hölder’s integral inequality, we establish∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣ (2.8)

≤ (b− a)
3

4

[∫ 1

0

|t+ 1|2 |f ′′ (ta+ (1− t) b)| dt

+

∫ 1

0

|t+ 1|2 |f ′′ (tb+ (1− t) a)| dt
]

≤ (b− a)
3

4

[(∫ 1

0

|t+ 1|2p dt
) 1

p
(∫ 1

0

|f ′′ (ta+ (1− t) b)|q dt
) 1

q

+

(∫ 1

0

|t+ 1|2p dt
) 1

p
(∫ 1

0

|f ′′ (tb+ (1− t) a)|q dt
) 1

q

]

≤ (b− a)
3

2

(
22p+1 − 1

2p+ 1

) 1
p
(
|f ′′ (a)|q + |f ′′ (b)|q

2

) 1
q
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94 M. Tunç, Ü. Şanal

where 1/p+ 1/q = 1. Using the convexity of |f ′′|q, we have∫ 1

0

|f ′′ (ta+ (1− t) b)|q dt (2.9)

≤
∫ 1

0

[
t |f ′′ (a)|q + (1− t) |f ′′ (b)|q

]
dt =

|f ′′ (a)|q + |f ′′ (b)|q

2∫ 1

0

|f ′′ (tb+ (1− t) a)|q dt (2.10)

≤
∫ 1

0

[
t |f ′′ (b)|q + (1− t) |f ′′ (a)|q

]
dt =

|f ′′ (a)|q + |f ′′ (b)|q

2

Further, since ∫ 1

0

|t+ 1|2p dt =

∫ 1

0

(t+ 1)
2p
dt =

∫ 2

1

u2pdu =
u2p+1

2p+ 1

∣∣∣∣2
1

=
22p+1 − 1

2p+ 1
(2.11)

a combination of (2.9)-(2.11) immediately gives the required inequality (2.7).

Theorem 7. Let s ∈ (0, 1] and f : I◦ ⊆ R → R be a differentiable mapping on I◦, a, b ∈ I◦ with
a < b, and let p, q > 1 with 1/p + 1/q = 1. If the mapping |f ′′|q is s-convex on [a, b], then the
following inequality holds:

(2.12)∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ (b− a)

3

4

(
22p+1 − 1

2p+ 1

) 1
p

×

{(
|f ′′ (a)|q

s+ 1
+
|f ′′ (b)|q Γ (s+ 1)

Γ (s+ 2)

) 1
q

+

(
|f ′′ (b)|q

s+ 1
+
|f ′′ (a)|q Γ (s+ 1)

Γ (s+ 2)

) 1
q

}
.
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Proof. Using Lemma 1, Definition 2 and Hölder’s integral inequality, we get∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ (b− a)

3

4

[∫ 1

0

|t+ 1|2 |f ′′ (ta+ (1− t) b)| dt

+

∫ 1

0

|t+ 1|2 |f ′′ (tb+ (1− t) a)| dt
]

≤ (b− a)
3

4

[(∫ 1

0

|t+ 1|2p dt
) 1

p
(∫ 1

0

|f ′′ (ta+ (1− t) b)|q dt
) 1

q

+

(∫ 1

0

|t+ 1|2p dt
) 1

p
(∫ 1

0

|f ′′ (tb+ (1− t) a)|q dt
) 1

q

]

≤ (b− a)
3

4

(
22p+1 − 1

2p+ 1

) 1
p

[(∫ 1

0

(
ts |f ′′ (a)|q + (1− t)s |f ′′ (b)|q

)
dt

) 1
q

+

(∫ 1

0

(
ts |f ′′ (b)|q + (1− t)s |f ′′ (a)|q

)
dt

) 1
q

]

≤ (b− a)
3

4

(
22p+1 − 1

2p+ 1

) 1
p

[(
|f ′′ (a)|q

∫ 1

0

tsdt+ |f ′′ (b)|q
∫ 1

0

(1− t)s dt
) 1

q

+

(
|f ′′ (b)|q

∫ 1

0

tsdt+ |f ′′ (a)|q
∫ 1

0

(1− t)s dt
) 1

q

]

≤ (b− a)
3

4

(
22p+1 − 1

2p+ 1

) 1
p

[(
|f ′′ (a)|q

s+ 1
+
|f ′′ (b)|q Γ (s+ 1)

Γ (s+ 2)

) 1
q

+

(
|f ′′ (b)|q

s+ 1
+
|f ′′ (a)|q Γ (s+ 1)

Γ (s+ 2)

) 1
q

]

Further, since ∫ 1

0

tsdt =
1

s+ 1
(2.13)∫ 1

0

(1− t)s dt =
Γ (s+ 1)

Γ (s+ 2)

a combination of (2.11) and (2.13) immediately gives the required inequality (2.12).

Theorem 8. Let f : I◦ ⊆ R → R be a differentiable mapping on I◦, a, b ∈ I◦ with a < b, and let
p > 1 with 1/p+ 1/q = 1. If the mapping |f ′′|q is tgs-convex on [a, b], then the following inequality
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holds: ∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ (b− a)

3

2

(
1

6

) 1
p
(

22p+1 − 1

2p+ 1

) 1
p [
|f ′′ (a)|q + |f ′′ (b)|q

] 1
q .

Proof. Using Lemma 1, Definition 3 and Hölder’s integral inequality, we get∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ (b− a)

3

4

[∫ 1

0

|t+ 1|2 |f ′′ (ta+ (1− t) b)| dt

+

∫ 1

0

|t+ 1|2 |f ′′ (tb+ (1− t) a)| dt
]

≤ (b− a)
3

4

[(∫ 1

0

|t+ 1|2p dt
) 1

p
(∫ 1

0

|f ′′ (ta+ (1− t) b)|q dt
) 1

q

+

(∫ 1

0

|t+ 1|2p dt
) 1

p
(∫ 1

0

|f ′′ (tb+ (1− t) a)|q dt
) 1

q

]

≤ (b− a)
3

4

(
22p+1 − 1

2p+ 1

) 1
p

[(∫ 1

0

(
t (1− t) |f ′′ (a)|q + t (1− t) |f ′′ (b)|q

)
dt

) 1
q

+

(∫ 1

0

(
t (1− t) |f ′′ (b)|q + t (1− t) |f ′′ (a)|q

)
dt

) 1
q

]

≤ (b− a)
3

2

(
22p+1 − 1

2p+ 1

) 1
p [
|f ′′ (a)|q + |f ′′ (b)|q

] 1
q

(∫ 1

0

t (1− t) dt
) 1

q

≤ (b− a)
3

2

(
1

6

) 1
p
(

22p+1 − 1

2p+ 1

) 1
p [
|f ′′ (a)|q + |f ′′ (b)|q

] 1
q .

The proof is completed.

Theorem 9. Let f : I◦ ⊆ R → R be a differentiable mapping on I◦, a, b ∈ I◦ with a < b, and let
p, q > 1 with 1/p+ 1/q = 1. If the mapping |f ′′|p is convex on [a, b], then the following inequality
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holds:

(2.14)∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ (b− a)

3

4

(
7

3

)1− 1
p

{(
17 |f ′′ (a)|p + 11 |f ′′ (b)|p

12

) 1
p

+

(
17 |f ′′ (b)|p + 11 |f ′′ (a)|p

12

) 1
p

}

Proof. Using Lemma 1 and power mean integral inequality, we obtain

(2.15)∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ (b− a)

3

4

∫ 1

0

|t+ 1|2 |f ′′ (ta+ (1− t) b) + f ′′ (tb+ (1− t) a)| dt

≤ (b− a)
3

4

(∫ 1

0

|t+ 1|2 dt
)1− 1

p

{(∫ 1

0

(t+ 1)
2 (
t |f ′′ (a)|p + (1− t) |f ′′ (b)|p

)
dt

) 1
p

+

(∫ 1

0

(t+ 1)
2 (
t |f ′′ (b)|p + (1− t) |f ′′ (a)|p

)
dt

) 1
p

}

≤ (b− a)
3

4

(
7

3

)1− 1
p

{(
17 |f ′′ (a)|p + 11 |f ′′ (b)|p

12

) 1
p

+

(
17 |f ′′ (b)|p + 11 |f ′′ (a)|p

12

) 1
p

.

The proof is completed.

Theorem 10. Let s ∈ (0, 1] and f : I◦ ⊆ R→ R be a differentiable mapping on I◦, a, b ∈ I◦ with
a < b, and let p > 1with 1/p + 1/q = 1. If the new mapping |f ′′|p is convex on [a, b], then the
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following inequality holds:

(2.16)∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ (b− a)

3

4

(
7

3

) p−1
p

{(
4s2 + 16s+ 14

s3 + 6s2 + 11s+ 6
|f ′′ (a)|p +

s2 + 7s+ 14

s3 + 6s2 + 11s+ 6
|f ′′ (b)|p

) 1
p

+

(
4s2 + 16s+ 14

s3 + 6s2 + 11s+ 6
|f ′′ (b)|p +

s2 + 7s+ 14

s3 + 6s2 + 11s+ 6
|f ′′ (a)|p

) 1
p

}
.

Proof. Using Lemma 1, Definition 2 and power mean integral inequality, we obtain∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ (b− a)

3

4

∫ 1

0

|t+ 1|2 |f ′′ (ta+ (1− t) b) + f ′′ (tb+ (1− t) a)| dt

≤ (b− a)
3

4

(∫ 1

0

|t+ 1|2 dt
)1− 1

p

{(∫ 1

0

(t+ 1)
2 (
ts |f ′′ (a)|p + (1− t)s |f ′′ (b)|p

)
dt

) 1
p

+

(∫ 1

0

(t+ 1)
2 (
ts |f ′′ (b)|p + (1− t)s |f ′′ (a)|p

)
dt

) 1
p

}

≤ (b− a)
3

4

(
7

3

)1− 1
p

{(
|f ′′ (a)|p

∫ 1

0

(t+ 1)
2
tsdt+ |f ′′ (b)|p

∫ 1

0

(t+ 1)
2

(1− t)s dt
) 1

p

+

(
|f ′′ (b)|p

∫ 1

0

(t+ 1)
2
tsdt+ |f ′′ (a)|p

∫ 1

0

(t+ 1)
2

(1− t)s dt
) 1

p

}

≤ (b− a)
3

4

(
7

3

)1− 1
p

×

{(
4s2 + 16s+ 14

s3 + 6s2 + 11s+ 6
|f ′′ (a)|p +

s2 + 7s+ 14

s3 + 6s2 + 11s+ 6
|f ′′ (b)|p

) 1
p

+

(
4s2 + 16s+ 14

s3 + 6s2 + 11s+ 6
|f ′′ (b)|p +

s2 + 7s+ 14

s3 + 6s2 + 11s+ 6
|f ′′ (a)|p

) 1
p

The proof is done.

Theorem 11. Let f : I◦ ⊆ R→ R be a differentiable mapping on I◦, a, b ∈ I◦ with a < b, and let
p > 1with 1/p+ 1/q = 1. If the mapping |f ′′|p is tgs-convex on [a, b], then the following inequality
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holds: ∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ 7 (b− a)

3

6

(
23

140

) 1
p (
|f ′′ (a)|p + |f ′′ (b)|p

) 1
p .

Proof. Using Lemma 1, Definition 3 and power mean integral inequality, we obtain∣∣∣∣∣
∫ b

a

f (x) dx− 1

2
(b− a) (f (a) + f (b)) +

5

4
(b− a)

2
(f ′ (b)− f ′ (a))

∣∣∣∣∣
≤ (b− a)

3

4

∫ 1

0

|t+ 1|2 |f ′′ (ta+ (1− t) b) + f ′′ (tb+ (1− t) a)| dt

≤ (b− a)
3

4

(∫ 1

0

|t+ 1|2 dt
)1− 1

p

{(∫ 1

0

(t+ 1)
2 (
t (1− t) |f ′′ (a)|p + t (1− t) |f ′′ (b)|p

)
dt

) 1
p

+

(∫ 1

0

(t+ 1)
2 (
t (1− t) |f ′′ (b)|p + t (1− t) |f ′′ (a)|p

)
dt

) 1
p

}

≤ (b− a)
3

2

(
7

3

)1− 1
p (
|f ′′ (a)|p + |f ′′ (b)|p

) 1
p

(∫ 1

0

(t+ 1)
2
t (1− t) dt

) 1
p

≤ 7 (b− a)
3

6

(
23

140

) 1
p (
|f ′′ (a)|p + |f ′′ (b)|p

) 1
p .

The proof is completed.

3 Applications to Secial Means

Now we shall use the results of Section 2 to prove the following new inequalities connecting the
above means for arbitrary real numbers.

Proposition 1. Let a, b ∈ R, 0 < a < b and n ≥ 2. Then, the following inequality holds:∣∣∣∣(b− a)Ln (a, b)− b− a
2

A (an, bn)− 5n

4
(b− a)

2 (
bn−1 − an−1

)∣∣∣∣
≤ 7

6
(b− a)

3
n (n− 1)A

(
an−2, bn−2

)
.

Proof. The proof is immediate from Theorem 3 applied for f(x) = xn, x ∈ R.
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Proposition 2. Let a, b ∈ R, s ∈ (0, 1], 0 < a < b. Then, the following inequality holds:∣∣∣∣(b− a)Ls (a, b)− b− a
2

A (as, bs)− 5s

4
(b− a)

2 (
bs−1 − as−1

)∣∣∣∣
≤ s (1− s) (b− a)

3

2

(
5s2 + 23s+ 28

)
s3 + 6s2 + 11s+ 6

A
(
as−2, bs−2

)
.

Proof. The proof is immediate from Theorem 4 applied for f(x) = xs, x ∈ R and s ∈ (0, 1).

Proposition 3. Let a, b ∈ R, 0 < a < b, and n ∈ N , n > 2. Then, for all p > 1, the following
inequality holds: ∣∣∣∣(b− a)Ln (a, b)− b− a

2
A (an, bn)− 5n

4
(b− a)

2 (
bn−1 − an−1

)∣∣∣∣
≤ n (n− 1)

(b− a)
3

2

(
22p+1 − 1

2p+ 1

)1/p

A(p−1)/p
(
a

(n−2)p
p−1 , b

(n−2)p
p−1

)
.

Proof. The proof is immediate from Theorem 6 applied for f(x) = xn, x ∈ R.

Proposition 4. Let a, b ∈ R, s ∈ (0, 1) , 0 < a < b. Then, for all p, q > 1, the following inequality
holds: ∣∣∣∣(b− a)Ls (a, b)− b− a

2
A (as, bs)− 5s

4
(b− a)

2 (
bs−1 − as−1

)∣∣∣∣
≤ s (1− s) (b− a)

2

4

(
22p+1 − 1

2p+ 1

)1/p
{(

aq(s−2)

s+ 1
+ bq(s−2)

Γ (s+ 1)

Γ (s+ 2)

) 1
q

+

(
bq(s−2)

s+ 1
+ aq(s−2)

Γ (s+ 1)

Γ (s+ 2)

) 1
q

}

Proof. The proof is immediate from Theorem 7 applied for f(x) = xs, x ∈ R and s ∈ (0, 1).

Proposition 5. Let a, b ∈ R, 0 < a < b, and 0 6= [a, b]. Then, for all p > 1, the following inequality
holds: ∣∣∣∣52 (b− a)

2 A (a, b)

G4 (a, b)
−H−1 (a, b) + L−1 (a, b)

∣∣∣∣
≤ (b− a)

2
.7

p−1
p

4
p+1
p .3

{(
17

(
2

a3

)p

+ 11

(
2

b3

)p)1/p

+

(
17

(
2

b3

)p

+ 11

(
2

a3

)p)1/p
}

Proof. The proof is immediate from Theorem 9 applied for f(x) = 1
x , x ∈ [a, b].
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Proposition 6. Let a, b ∈ R, s ∈ (0, 1) , 0 < a < b, and [a, b] 6= 0. Then, for all p > 1, the
following inequality holds:∣∣∣∣∣L−1 (a, b)−H−1 (as, bs) +

5s (b− a)
(
bs+1 − as+1

)
4G2(s+1) (a, b)

∣∣∣∣∣
≤ (b− a)

2
s (s+ 1)

4

(
7

3

)1− 1
p

{(
4s2 + 16s+ 14

s3 + 6s2 + 11s+ 6

(
1

as+2

)p

+
s2 + 7s+ 14

s3 + 6s2 + 11s+ 6

(
1

bs+2

)p) 1
p

+

(
4s2 + 16s+ 14

s3 + 6s2 + 11s+ 6

(
1

bs+2

)p

+
s2 + 7s+ 14

s3 + 6s2 + 11s+ 6

(
1

as+2

)p) 1
p

}

Proof. The proof is immediate from Theorem 10 applied for f(x) = 1
xs , x ∈ R and s ∈ (0, 1).
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[16] J.E. Pečarić , F. Proschan and Y.L. Tong, Convex Functions, Partial Ordering and Statistical
Applications, Academic Press, New York, (1991).
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